This note is an exposition on the results from [SiW] related to Lyubeznik's conjecture on local cohomology. We use the method of Bockstein homomorphisms, which to our knowledge has not employed before in commutative algebra. As an example, we strengthen the classical Stanley-Reisner correspondence by relating Bockstein homomorphisms on local cohomology in monomial rings to the topological Bockstein homomorphisms of simplicial complexes.
§1. Basic notions Definition 1.1. Let R be a commutative Noetherian ring, and M an R-module. Let p be an element of R which is a non-zero divisor on M . Let F
• be a covariant δ-functor on the category of R-modules. The composition
is the Bockstein homomorphism β
). An elementary check shows that β k p is the connecting homomorphism that results from applying F
• to the short exact sequence
Let a be an ideal of R, generated by elements f 1 , . . . , f t . The covariant δ-functors of interest to us are local cohomology H 
and thus a filtered directed system {K • (f e ; M )} e≥1 . The direct limit of this system can be identified with theČech complexČ
The local cohomology modules H
• a (M ) may be computed as the cohomology modules ofČ
• (f ; M ), or equivalently as the direct limit of the Koszul cohomology modules H
• (f e ; M ): the filter condition yields an isomorphism of functors 
where the horizontal maps are the respective Bockstein homomorphisms. With a = (f 1 , . . . , f k ), the natural transformations of interest to us are
and
. Let M be an R-module, let p be an element of R which is a non-zero divisor on M , and let f = f 1 , . . . , f t and g = g 1 , . . . , g t be elements of R such that f i ≡ g i mod p for each i. One then has isomorphisms
Example 1.3. Let p be a non-zero divisor on R. Let x be an element of R. The Bockstein homomorphism on Koszul cohomology
Let y be an element of R with x ≡ y mod p. Comparing the Bockstein homomorphisms β, β on H • (x; R/pR) and H • (y; R/pR) respectively, one sees that the diagram
A key point in the proof of Theorem 2.2 is Lemma 1.4, which states that upon passing to the direct limits lim − →e
, the phenomenon of Example 1.3 disappears: the Bockstein homomorphisms always commute with the induced isomor-
On the other hand, one has the following lemma. Lemma 1.4 ( [SiW] ). Let M be an R-module, and let p be an element of R which is M -regular. Suppose a and b are ideals of R with √ (a + pR) = √ (b + pR). Then there exists a commutative diagram Suppose p is a prime number such that the Bockstein homomorphism β
(R) must then have an associated prime containing p. But different prime numbers cannot be in the same associated prime ideal, so Huneke's conjecture implies the vanishing of all but finitely many β and ideal a = (x, y, z)R. A variation of the argument given in [Si2] shows that β
a (R/pR) is nonzero for each prime integer p. Hence, H 3 a (R) has infinitely many associated primes Lyubeznik conjectured in [L1, Remark 3.7 ] that for regular rings R, each local cohomology module H k a (R) has finitely many associated prime ideals. This conjecture has been verified for regular rings of positive characteristic by Huneke and Sharp [HS] , and for regular local rings of characteristic zero as well as unramified regular local rings of mixed characteristic by Lyubeznik [L1, L2] . Surprisingly, it remains unresolved for polynomial rings over Z where the issue of p-torsion appears to be central in studying Lyubeznik's conjecture. The following theorem provides supporting evidence for Lyubeznik's conjecture.
Theorem 2.2 ([SiW]
). Let R = Z[x 1 , . . . , x n ] be a polynomial ring in finitely many variables over the ring of integers. Let a = (f 1 , . . . , f t ) be an ideal of R, and let p be a prime integer.
If p is not a zero divisor on the Koszul cohomology module H k+1 (f ; R), then the Bockstein homomorphism β
We outline the proof of Theorem 2.2. One investigates the endomorphism ϕ of R with ϕ(x i ) = x p i for each i. Since
is injective and ϕ is flat, it follows that
is injective for each e ≥ 0. Thus, the Bockstein map on Koszul cohomology
must be the zero map. While {ϕ e (f )R} and {f e R} are not cofinal families of ideals, Lemma 1.4 allows to replace one by the other for the purpose of studying Bockstein homomorphisms on local cohomology.
Suppose η ∈ H k a (R/pR). Then η has a lift in H k (ϕ e (f ); R/pR) for large e, and the commutativity of the diagram
(each horizontal map is a Bockstein homomorphism) implies that η maps to zero in H k+1 a (R/pR). §3. Stanley-Reisner theory Definition 3.1. Let ∆ n be the n-simplex, viewed as a simplicial complex (i.e., with its collection of faces), and fix a subcomplex ∆. Then the associated Stanley-Reisner ideal is the ideal
generated by the monomials x σ = n i=0 x σi i for which σ is not a face of ∆. The quotient S ∆ = R/a ∆ is the Stanley-Reisner ring of ∆.
For a ∈ Z n+1 write a + and a − for the sets {i | a i > 0} and {i | a i < 0} respectively. Both can be viewed as subsimplices of ∆ n . Hochster's theorem, [BH, Section 5.3] states the following, with notation explained below:
Definition 3.2. Let ∆ be a simplicial complex and suppose τ is a subset of its vertex set (but not necessarily a simplex). The link, link ∆ (τ ), is the set
while its star, (τ ), is simply
The Bockstein construction respects the identifications of Hochster's result:
Theorem 3.3 ( [SiW] ). Let ∆ ⊆ ∆ n be a simplicial complex on n+1 vertices, and let S ∆ = R/a ∆ be its integral Stanley-Reisner ring. If p is a prime number then the following are equivalent:
(1) For some multi-degree a, the topological Bockstein morphism on the singular reduced (i − |a − | − 1)-th Z/pZ-cohomology of link ∆ (a+) (a − ) is nonzero. An ingredient for this is that Bocksteins commute with local duality:
Theorem 3.4 ( [SiW] ). Let (S, m, K) be a local Gorenstein ring of dimension at least one. Let p ∈ S be a regular element on both ω S and on the finitely generated S-module M .
The Bockstein morphism on Ext 
